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A singly heavy baryon can be viewed as Nc − 1 (Nc as the number of colors) light valence quarks
bound by the pion mean fields that are created by the presence of the Nc − 1 valence quarks self-
consistently, while the heavy quark inside a singly heavy baryon is regarded as a static color source.
We investigate how the pion mean fields are created by the presence of Nc, Nc − 1, and Nc − 2
light valence quarks, which correspond to the systems of light baryons, singly heavy baryons, and
doubly heavy baryons. As the number of color decreases from Nc to Nc − 1, the pion mean fields
undergo changes. As a result, the valence-quark contributions to the moments of inertia of the
soliton become larger than the case of the Nc valence quarks, whereas the sea-quark contributions
decrease systematically. On the other hand, the presence of the Nc−2 valence quarks is not enough
to produce the strong pion mean fields, which leads to the fact that the classical soliton can not
be formed. It indicates that the pion mean-field approach is not suitable to describe doubly heavy
baryons. We show that the mass spectra of the singly heavy baryons are better described by the
improved pion mean fields, compared with the previous work in which the pion mean fields are
assumed to be intact with Nc varied. We also discuss the baryon antidecapentaplet (15).
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2I. INTRODUCTION
A light baryon can be regarded as a state of Nc (the number of colors) valence quarks bound by meson mean
fields in the large Nc quantum chromodynamics (QCD) [1–3]. Since the nucleon mass is proportional to Nc whereas
meson-loop fluctuations are suppressed by 1/Nc, the mean-field approach is justified in the large Nc limit. The
chiral quark-soliton model (χQSM) realizes effectively this idea of the pion mean-field approach [4–6]. The model
has been very successful in describing the lowest-lying SU(3) light baryons. The same idea can be applied to a singly
heavy baryon, which consists of two light valence quarks and one heavy quark. We can consider the heavy baryon
as the Nc − 1 light valence quarks bound by the pion mean fields [8]. In the limit of infinitely heavy quark mass
(mQ → ∞), the heavy quark can be regarded as a static color source. This pion mean-field approach has a great
virtue because it describes both the light and singly heavy baryons on an equal footing. Recently, it was shown that
the pion mean-field approach indeed describes very well the masses of the singly heavy baryons [9, 10]. The magnetic
moments and electromagnetic form factors of the singly heavy baryons were also studied within this approach with
all the parameters fixed in the light baryon sector [11, 12]. Very recently, the LHCb Collaboration announced the five
or six excited Ωc’s, among which two of them have unusually small widths [13]. The Belle Collaboration confirmed
the existence of the four excited Ωc’s [14]. In the χQSM, the two of the newly found excited Ωc’s were classified as
the members of the baryon antidecapentaplet where remaining Ωc’s belong to the excited sextet representations [15].
The small widths of those two Ωc’s were well explained in the χQSM [16].
Previous works [9, 15, 16] employed an “model-independent approach”, which means that all the dynamical pa-
rameters were fixed by using the experimental data. While this approach has a merit to predict the experimental
data without any model calculations, one can not decompose the valence- and sea-quark contributions, so that the
overall replacement of the Nc factor by Nc − 1 underestimates the sea-quark contributions. Thus, it is inevitable to
introduce an additional parameter to compensate it. On the other hand, the self-consistent χQSM, where the pion
mean fields are created explicitly by solving the classical equation of motion, assumed that the pion mean fields are
not modified by changing the number of the valence quarks [12]. Thus, In Ref. [12], the number of the valence quarks
Nc are merely replaced by Nc − 1 to describe the singly heavy baryons with the same pion mean-field solutions used.
However, we find that the number of the valence quarks indeed alter the pion mean fields, which will be shown in
the present work. We expect that the reduction of the number of the valence quarks from Nc to Nc − 1 will create
weaker vacuum polarizations and as a result will lead to the weaker pion mean fields. In this work, we will explicitly
compute the classical equations of motion to derive the pion mean-field solution, changing the number of the valence
quarks. Interestingly, we find that the pion mean-field solutions do not exist when the number of the valence quarks
is Nc−2. This is understandable, since Nc−2 means practically a single light valence quark. The presence of a single
valence quark is not enough to create a strong pion mean fields to bind a doubly heavy baryon. Thus, in any pion
mean-field approaches, we are not able to describe a system of doubly heavy baryons. In the present work, we will
revisit the mass splittings of the singly heavy baryons including the baryon antitriplet, sextet, and antidecapentaplet.
The present paper is organized as follows: In Section II, we briefly explain the χQSM. Starting from the baryon
correlation function, we show how the pion mean-field solution can be obtained. Then we introduce the collective
zero-mode quantization of the baryon and derive the collective Hamiltonian. The collective wave functions for the
singly heavy baryons are obtained by diagonalizing the Hamiltonian and coupling the SU(3) wave functions to the
heavy quark. In Section III, we first discuss the results of the pion mean-field solutions or the soliton profile functions.
We then present the results of the classical masses as functions of the dynamical quark mass and discuss how the pion
mean fields influence them. We also show explicitly that the pion mean-field solution does not exist when the number
of the valence quarks Nc − 2. Finally, we present the results of the masses of the singly heavy baryons including
the baryon antitriplet, sextet, and antidecapentaplet. In the final Section, we summarize the present work and draw
conclusions.
II. HEAVY BARYONS IN THE CHIRAL QUARK-SOLITON MODEL
A. Nucleon correlation function
In the limit of the infinite heavy-quark mass (mQ →∞), heavy quarks inside a singly or doubly heavy baryon can
be viewed as a static color source. It means that the heavy quarks play a mere role to make the heavy baryon a
color singlet. In order to describe the heavy baryons within the χQSM, we consider the baryon correlation functions
consisting of Nc −NQ light valence quarks in Euclidean space, where NQ (NQ ≤ 2) denotes the number of the heavy
quarks involved. This is plausible, since the heavy-quark propagators in the limit of mQ → ∞ contribute to the
correlation function of the singly or doubly heavy baryon only in a trivial way. Thus, the correlation function of the
3singly or doubly heavy baryon can be expressed as
ΠB(x− y, T ) = 〈JB(x, T/2)J †B(y,−T/2)〉0
=
1
Z
∫
DUDψ†DψJB(0, T/2)J †B(0,−T/2)e
∫
d4xψ†(i/∂+iMUγ5+imˆ)ψ, (1)
where Z is the low-energy effective chiral partition function. JB represents the Ioffe-type baryonic current that consists
of Nc −NQ light valence quarks for a singly or doubly heavy baryon B
JB(x) = 1
(Nc −NQ)!ε
α1···αNc−NQΓ
{f1···fNc−NQ}
J′J′3,TT3
ψα1f1(x) · · ·ψαNc−NQfNc−NQ (x), (2)
αi denote color indices. Γ
f
J′J′3,TT3
is a symmetric matrix with flavor and spin indices f . J ′ and T represent the
spin and isospin of the heavy baryon, respectively and J ′3 and T3 are the corresponding third components of them,
respectively. The notation 〈· · · 〉0 in (1) stands for the vacuum expectation value. M designates the dynamical quark
mass and the chiral field Uγ5 is defined as
Uγ5 = U
1 + γ5
2
+ U†
1− γ5
2
, (3)
with
U = exp
[
i
piaλa
fpi
]
. (4)
pia represents the pseudo-Nambu-Goldstone(NG) field. mˆ is the mass matrix of the current quarks, which is written
as mˆ = diag(mu, md, ms). We assume in the present work isospin symmetry, i.e. mu = md. Thus, we introduce the
average mass of the up and down quarks m0 = (mu + md)/2. The strange current quark mass ms will be treated
perturbatively to linear order. Since we introduce hedgehog ansatz or hedgehog symmetry, we consider the trivial
embedding [2]
U(r) =
(
USU(2)(r) 0
0 1
)
, (5)
where n is defined as the normalized radial vector n = r/r, and USU(2) = exp[in · τΘ(r)]. τ are the Pauli matrices
in isospin space. Θ(r) denotes the profile function of the soliton, which will be obtained in a self-consistent way by
the minimizing procedure.
Integrating over the quark fields, we obtain the following expression of the baryonic correlation function as
ΠB(x− y, T ) = 1
Z
Γ
{f}
J′J′3,TT3
Γ
{g}∗
J′J′3,TT3
∫
DU
Nc−NQ∏
i=1
〈
x, T/2, αi
∣∣∣∣ 1D(U)
∣∣∣∣y,−T/2, βi〉 e−Seff (U), (6)
where the one-body Dirac operator D(U) is defined by
D(U) = iγ4∂4 + iγk∂k + iMU
γ5 + imˆ. (7)
Seff represents the effective chiral action written as
Seff = −NcTr logD(U). (8)
Here, Tr denotes the functional trace over space-time and all internal spaces. Taking the Euclidean time to be infinity
(T →∞), we can pick up lowest-lying baryon states from the correlation function [4, 5] as
ΠB(x− y, T ) ∼ exp[−(Nc −NQ)Eval + EseaT ], (9)
where Eval and Esea the valence and sea quark energies. However, the mean fields U being involved in the calculation
should be determined. Note that the profile function Θ(r) satisfies the boundary conditions at two end points, i.e.
Θ(0) = pi and Θ(∞) = 0. The SU(2) single-quark Hamiltonian hSU(2)(U) is defined as
hSU(2)(U) = iγ4γi∂i − γ4MUγ
5
SU(2) − γ4m0. (10)
Then, the one-body Dirac equation is written as
hSU(2)(U)Φn(r) = EnΦn(r), (11)
where En denote the eigen-energies of the one-body Hamiltonian hSU(2)(U).
4B. Classical equation of motion and self-consistent solution
The classical equation of motion can be derived by minimizing the energy of the classical soliton
δ
δΘ(r)
[(Nc −NQ)Eval + Esea]
∣∣∣∣
Θc
= 0, (12)
where Θc is the soliton profile function at the stationary point or the pion mean-field solution. Solving Eq. (12), we
find the equation of motion
sin Θ(r)S(r)− cos Θ(r)P (r) = 0, (13)
where S(r) and P (r) are defined as
S(r) = M
[
Nc
∑
n
RΛ2 (En)Φn(r)Φn(r) + (Nc −NQ)θ(Eval)Φval(r)Φval(r)
]
,
P (r) = M
[
Nc
∑
n
RΛ2 (En)Φn(r)iγ5(τ
ini)Φn(r) + (Nc −NQ)θ(Eval)Φval(r)iγ5(τ ini)Φval(r)
]
. (14)
Here, Φval(r) = 〈r|val〉 and Φn(r) = 〈r|n〉 denote the single-particle wave functions of the valence and sea quarks with
the corresponding eigen-energies Eval and En of the one-body Hamiltonian hSU(2)(Uc), respectively. The regularization
function RΛ2 (En) is defined as
RΛ2 (En) =
1
4
√
pi
∫
φ(u)
du
u1/2
Ene
−uE2n , (15)
where φ(u) = cθ(u− Λ−21 ) + (1− c)θ(u− Λ−22 ) [7]. The values of the parameters are taken from Ref. [10]. Thus, the
soliton mass is finally derived as
Msol = (Nc −NQ)θ(Eval)Eval(Uc) + Esea(Uc). (16)
When NQ = 0, the result of Msol is the same as in the original χQSM for the light baryons. However, when NQ = 1,
we obtain the modified pion mean-field solutions for the singly heavy baryons. Note that in Ref. [10] the pion mean
fields are assumed to be not changed. In the present work, we will show explicitly that it was not a correct assumption.
As for the case of NQ = 2, we find that there are no pion mean-field solutions. It implies that the present scheme of
the mean-field approach does not apply to the description of doubly heavy baryons. When the dynamical quark mass
is almost two times larger than its usual value (M ' 400 MeV), we can find the solution of Eq. (13). When NQ 6= 0,
the classical mass is changed to be
Mcl = Msol +NQmQ, (17)
where mQ is the effective heavy quark mass that contains also the binding energy of the heavy quark. Thus, it is
different from that discussed in QCD and will be absorbed in the center mass of each representation, which will be
discussed later. Note that when the level of the valence quarks crosses the line where the valence energy becomes
negative, the soliton mass is given solely by the sea-quark energy.
C. Zero-mode collective quantization
Having carried out the zero-mode quantization [5], we arrive at the collective Hamiltonian for singly heavy baryons
H =Hsym +H
(1)
sb , (18)
where Hsym represents the flavor SU(3) symmetric part
Hsym = Mcl +
1
2I1
3∑
i=1
Jˆ2i +
1
2I2
7∑
a=4
Jˆ2a . (19)
5Here, I1 and I2 denote the moments of inertia of the soliton. The explicit expressions for I1, 2 are given in Ref. [5, 7].
The operators Jˆi and Jˆa represent the spin generators in SU(3). In the (p, q) representation of the SU(3) group, we
find the eigenvalue of the SU(3) quadratic Casimir operator
∑8
i=1 J
2
i as
C2(p, q) =
1
3
[
p2 + q2 + pq + 3(p+ q)
]
. (20)
Thus, the eigenvalues of Hsym are obtained as
Esym(p, q) = Mcl +
1
2I1
J(J + 1) +
1
2I2
[C2(p, q)− J(J + 1)]− 3
8I2
Y ′2. (21)
The right hypercharge Y ′ is constrained to be (Nc−NQ)/3, which is imposed by the Nc−NQ valence quarks inside a
singly heavy baryon. Thus, Y ′ counts effectively the number of the valence quarks involved. Note that in the Skyrme
model the right hypercharge is constrained by the Wess-Zumino term. When Y ′ = 1 with NQ = 0, i.e. when the light
baryons are concerned, it provides the selection rule. That is, only the baryon representations that contain Y = 1 are
allowed such as the baryon octet (8), decuplet (10), antidecuplet (10), eikosiheptaplet (27), etc., all of which contain
the baryons with Y = 1. When it comes to the singly heavy baryons, the right hypercharge becomes Y ′ = 2/3. Thus,
allowed representations are the baryon antitriplet (3), sextet (6) with J = 1/2 and J = 3/2, antidecapentaplet (15)
with J = 1/2 and J = 3/2, etc., which include the singly heavy baryons with Y = 2/3.
The collective wavefunctions of the baryons are derived as
ψ
(R)
B (J
′J ′3, J ;A) =
√
dim(p, q)(−1)−Y2 +J3D(R)∗
(Y,T,T3)(Y ,J,−J3)(A), (22)
where
dim(p, q) = (p+ 1)(q + 1)
(
1 +
p+ q
2
)
. (23)
J stands for the soliton spin, and J3 represents its third component, respectively.
D. Collective Hamiltonian for flavor SU(3) symmetry breaking
The symmetry-breaking part of the collective Hamiltonian is given as [5, 7]
H
(1)
sb =
ΣpiN
m0
ms
3
+ αD
(8)
88 + βYˆ +
γ√
3
3∑
i=1
D
(8)
8i Jˆi, (24)
where
α =
(
−ΣpiN
3m0
+
K2
I2
Y
)
ms, β = −K2
I2
ms, γ = 2
(
K1
I1
− K2
I2
)
ms. (25)
The first term in Eq. (24) can be absorbed into the symmetric part of the Hamiltonian, since it does not contribute
to the mass splittings of the baryons in a given representation. The three parameters α, β, and γ are expressed in
terms of the moments of inertia I1, 2 and K1, 2. Since we have Nc−NQ light quarks in the case of the heavy baryons,
we need to modify the valence contributions to the moments of inertia and the sigma piN term. The modification
can be done easily by replacing the prefactor Nc, which counts the number of the valence quarks, by Nc −NQ. The
explicit expressions for the moments of inertia and the piN sigma term can be found in Ref. [10].
The effects of flavor SU(3) symmetry breaking being introduced, the collective wavefunctions are no longer expressed
by a pure representation but are mixed with other representations. Dealing with the collective Hamiltonian (24) as
a small perturbation and using the second-order perturbation theory, we obtain the wavefunctions for the baryon
anti-triplet (J = 0) and the sextet (J = 1) respectively [10] as
|B30〉 = |30, B〉+ pB15|150, B〉,
|B61〉 = |61, B〉+ qB15|151, B〉+ qB24|241, B〉,
(26)
6with the mixing coefficients
pB
15
= p15
[ −√15/10
−3√5/20
]
, qB
15
= q15
 √5/5√30/20
0
 , qB
24
= q24
 −√10/10−√15/10
−√15/10
 , (27)
respectively, in the basis [ΛQ, ΞQ] for the anti-triplet and
[
ΣQ
(
Σ∗Q
)
, Ξ′Q
(
Ξ∗Q
)
, ΩQ
(
Ω∗Q
)]
for the sextets. The
expressions for the parameters p15, q15, and q24 are also found in Refs. [10, 11]. Note that the mixing coefficients are
proportional to ms linearly.
The complete wavefunction for a heavy baryon can be constructed by coupling the soliton wavefunction to the
heavy quark such that the heavy baryon becomes a color singlet, which is expressed as
|Bµ; (J ′, J ′3)(T, T3)〉 =
∑
J3, JQ3
C
J′ J′3
J,J3 JQ JQ3
χJQ3 |Bµ; (J, J3)(T, T3)〉. (28)
Here, χJQ3 denotes the heavy-quark spinor and C
J′ J′3
J,J3 JQ JQ3
represent the corresponding Clebsch-Gordan coefficients.
|Bµ; (J, J3)(T, T3)〉 means the collective wavefunctions of the quantized light soliton, given already in Eq. (22).
E. Baryon antitriplet and sextet
Taking into account the ms corrections to the first order, we can write the masses of the singly heavy baryons in
representation R as
MQB,R = M
Q
R +M
(1)
B,R, (29)
where
MQR = Mcl + Esym(p, q). (30)
MQR is called the center mass of a heavy baryon in representation R. Esym(p, q) is defined in Eq. (21). The lower
index B denotes a certain baryon belonging to a specific representation R. The upper index Q stands for either the
charm sector (Q = c) or the bottom sector (Q = b). The center masses for the anti-triplet and sextet representations
can be explicitly written as
MQ
3
= Mcl +
1
2I2
, MQ6 = M
Q
3
+
1
I1
, (31)
where Mcl was defined in Eq. (17). Note that the mass splitting between the baryon anti-triplet and sextet are
determined by 1/I1 = 178 MeV in the model, while the experimental data [9, 17] suggest 1/I1 ≈ 172MeV. The second
term in Eq. (29) denotes the linear-order ms corrections to the heavy baryon mass
M
(1)
B,R = 〈B,R|H(1)sb |B,R〉 = Y δR, (32)
where
δ3 =
3
8
α+ β, δ6 =
3
20
α+ β − 3
10
γ. (33)
The values of the matrix elements for the relevant SU(3) Wigner D functions are tabulated in Ref. [10]. Thus, we
obtain the masses of the lowest-lying singly heavy baryons as
MQ
B,3
= MQ
3
+ Y δ3, M
Q
B,6 = M
Q
6 + Y δ6, (34)
with the linear-order ms corrections taken into account.
While the baryon sextet with J ′ = 1/2 and J ′ = 3/2 are degenerate in the limit of the infinitely heavy-quark mass
(mQ → ∞), the degeneracy is removed in reality. Thus, we need to introduce the hyperfine interaction that will lift
the degeneracy of different spin states in the sextet representation. This interaction is introduced phenomenologically.
7So, we will fix the hyperfine interactions by using the experimental data, as was proposed by Ref. [9]. The spin-spin
interaction Hamiltonian is written as
HsolQ =
2
3
κ
mQMsol
J · JQ = 2
3
κ
mQ
J · JQ, (35)
where κ represents the flavor-independent hyperfine coupling constant. Note that the baryon anti-triplet does not
acquire any contribution from the hyperfine interaction, since the corresponding soliton has spin J = 0. On the other
hand, the baryon sextet has J = 1. Being coupled to the heavy quark spin, it produces two different multiplets, i.e.,
J ′ = 1/2 and J ′ = 3/2, of which the masses are expressed respectively as
MQB,61/2 = M
Q
B,6 −
2
3
κ
mQ
, MQB,63/2 = M
Q
B,6 +
1
3
κ
mQ
. (36)
Thus, we find the hyperfine mass splitting as
MQB,63/2 −M
Q
B,61/2
=
κ
mQ
, (37)
where the corresponding numerical value can be determined by using the center value of the sextet masses. In the
charmed and bottom baryon sectors, we obtain the corresponding numerical values respectively
κ
mc
= 68.1 MeV,
κ
mb
= 20.3 MeV, (38)
which were already shown in Ref. [9].
F. Heavy pentaquarks
The five resonances of the Ωc were reported by the LHCb [13] Collaboration, of which the four Ωc’s were confirmed
by the Belle [14] Collaboration. In a recent work [15], Ωc (3050) and Ωc (3119) with very small decay width among
the five Ωc’s were identified as heavy pentaquarks belonging to the baryon antidecapentaplet. The baryon 15 was
originally proposed by Diakonov [8], since it appears naturally from the χQSM with Y = 2/3. In the present work,
we compute the mass splittings of the baryon antidecapentaplet self-consistently. Being similar to the baryon sextet,
the antidecapentaplet consists of the two representations with spin J ′ = 1/2 and J ′ = 3/2.
The expression of the mass formulae of the heavy pentaquarks comes from Eq. (29). The center-mass formulae of
the antidecapentaplet are expressed as
MQ
15,J=0
= Mcl +
5
2
1
I2
= MQ
3
+
2
I2
,
MQ
15,J=1
= Mcl +
3
2
1
I2
+
1
I1
= MQ6 +
1
I2
, (39)
The value of the moment of inertia I2 will be explicitly given in Table I later, i.e. 1/I2 = 379 MeV. Note that its
value is smaller than with that of 1/I2 = 400− 450 MeV, which was obtained in Ref. [15].
As mentioned previously, there are two baryon 15 representations with spin J ′ = 1/2 and J ′ = 3/2, which are
degenerate in the limit of mQ →∞. Thus, we need to introduce the same hyperfine interaction given in Eq. (35) to
remove the degeneracy. The explicit expressions of the center masses are then given as
MQ
B,151/2,J=0
= MQ
3
+
2
I2
,
MQ
B,151/2,J=1
= MQ6 +
1
I2
− 2
3
κ
mQ
,
MQ
B,153/2,J=1
= MQ6 +
1
I2
+
1
3
κ
mQ
. (40)
The mass splittings within a representation are caused by the linear-order ms contributions to the masses of the
baryon antidecapentaplet. The expressions of the ms are listed in Table I.
8TABLE I. ms corrections to the masses of the baryon antidecapentaplet
B M
(1)
B,15J=0
M
(1)
B,15J=1
BQ
1
4
α+ 5
3
β 1
8
α+ 5
3
β − 1
4
γ
ΣQ
2
3
β 1
12
α+ 2
3
β − 1
6
γ
ΛQ
1
4
α+ 2
3
β 2
3
β
ΞQ
1
8
α− 1
3
β − 1
12
α− 1
3
β + 1
6
γ
Ξ
3/2
Q − 14α− 13β 124α− 13β − 112γ
ΩQ − 43β − 16α− 43β + 13γ
III. RESULT AND DISCUSSION
The χQSM contains basically three parameters, i.e. the current quark masses m0 and ms, the cut-off masses for
the proper-time regularization of the quark loops, the pion decay constant fpi, and the dynamical quark mass M . In
Ref. [7], it was shown how to fix them. m0 and the cut-off masses are fixed by reproducing the experimental data of
the pion mass mpi = 139.57 MeV and the pion decay constant fpi = 93 MeV, respectively. The strange current quark
mass can be also determined by reproducing the kaon mass. However, we will fix it to be ms = 180 MeV by using
the mass splittings of the baryon octet. The dynamical quark mass is considered to be a free parameter. However,
it is determined to be M = 420 MeV such that the electric charge radius of the proton is reproduced. Though the
parameters κ/mQ were introduced phenomenologically, their values were already fixed by the splitting between the
baryon sextet representations with J ′ = 1/2 and J ′ = 3/2. Thus, we have no more free parameter to fit in the present
work.
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FIG. 1. The results of the self-consistent profile functions Θ(r) in the left panel and those of the self-consistent scalar and
pseudoscalar mean fields in the right panel. The dashed curves depict the results for the light baryons, whereas the solid ones
draw those for the singly-heavy baryons. The value of the dynamical quark mass M = 420 MeV is used.
To derive the profile function Θ(r), we first have to solve the classical equation of motion (13) self-consistently. Using
a trial profile function, for which we use either the linear profile function or the arctangent one, we solve the one-body
Dirac equation (11), so that we obtain the eigen-energies and eigenfunctions of the valence and sea quarks. Inserting
them into Eq. (14) and solving Eq. (13), we find a new profile function. We repeat this process until we obtain the
classical energy, which converges enough. This is nothing but a well-known Hartree approximation. In the left panel
of Fig. 1, we draw the results of the self-consistent profile functions for both the light and singly heavy baryons with
M = 420 MeV used. The dashed curves exhibit that for the light baryons and the solid ones show that for the singly
heavy baryons. As for the doubly heavy baryons, M = 420 MeV is not strong enough to find the minimum solution
of the classical equation of motion. As will be discussed later, a solution for the doubly heavy baryons only appears
when M is larger than around 600 MeV. As shown in the left panel of Fig. 1, the profile function for the singly heavy
baryons shrinks from that for the light baryons. Since the number of the light quarks inside a singly heavy baryon
9is less than that inside a light baryon, the strength of the pion mean fields is weakened. As a result, the size of the
soliton is also decreased. The soliton size is around 0.6 fm for the light baryons with Nc = 3, whereas it is around
0.4 fm for the singly heavy baryons. In the right panel of Fig. 1, we draw the scalar and pseudoscalar mean fields
S(r) and P (r), which are defined in Eq. (14). As expected from the results of the profile functions, the scalar and
pseudoscalar mean-field densities are also shifted to the core of the soliton.
We want to emphasize that the soliton for the Nc − 1 valence quarks is naturally the bosonic one, whereas that for
the Nc is the fermionic one. This is a unique feature of the χQSM, which is distinguished from any topological chiral
soliton models, including the Skyrme models, where the baryon number is identified with the topological winding
number or topological charge from the Wess-Zumino term. In the Skyrme models, the integer winding number is
essential to have a finite energy for a stable topological soliton. On the other hand, we do not need to have the integer
winding number, since the baryon number is constrained by the valence quarks. The baryon number of the singly
heavy baryon will be given by the Nc − 1 light valence quarks together with a heavy quark. This is a distinguished
feature from a Skyrme model for heavy baryons [18]. We will discuss it in more detail later.
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FIG. 2. Soliton mass as a function of the dynamical quark mass M for the Nc mean field. The long-dashed line draws the
valence-quark contribution, whereas the short-dashed one depicts the sea-quark contribution. The solid line represents the
soliton mass.
In Fig. 2, we draw the soliton mass Msol defined in Eq. (16) as a function of the dynamical quark mass M . The
results are the same as in Ref. [5]. When the Nc valence quarks are present, the mean-field solutions of the classical
equation of the motion exist when M is larger than the critical mass Mcr ≈ 350 MeV below which there is no solution.
Note that the dynamical quark mass plays a role of the coupling between the quark and the pion. So, M is smaller
than Mcr, the interaction strength is not enough to bind the Nc valence quarks. As M increases above Mcr, the
valence-quark energy starts to decrease monotonically, whereas the sea-quark energy increases. It indicates that as
M becomes larger, the vacuum is polarized more strongly. This is very important to stabilize the pion mean-field
solution or the chiral soliton. Though the valence- and sea-quark energies depend on M rather sensitively, the soliton
mass decreases rather mildly, as M increases. When the value of M is approximately 800 MeV, the valence level
crosses the line, below which the valence-quark energy turns negative. Then, the soliton mass is only given by the
sea-quark energy. In this case, the baryon number is identified with the winding number. If we further increase M ,
the valence level may dive into the negative Dirac sea. This corresponds to the Skyrme picture of the baryon as a
topological soliton. This can be justified by the gradient expansion. If M > 1 GeV and the soliton rotates slowly,
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then ∂kU/M becomes small. Hence, it can be used as an expansion parameter to expand the baryon charge [4]
B(U) = −
∫
dω
2pi
Tr
(
1
iω + hSU(2)(U)
− 1
iω + h0
)
= −
∫
dω
2pi
Tr
(
hSU(2)(U)
ω2 + h2SU(2)(U)
− h0
ω2 + h20
)
, (41)
where h0 is the Dirac Hamiltonian with the U field turned off. h
2
SU(2)(U) and h
2
0 are written respectively as
h2SU(2) = −∂2k +M2 + iMγk∂kUγ5 , h20 = −∂2k +M2. (42)
The leading term of the gradient term is obtained to be
B(U) = − 1
24pi2
εijkTr
[
(U†∂iU)(U†∂jU)(U†∂kU)
]
, (43)
which is the well-known expression for the winding number in the Skyrme model [19]. Thus, when M becomes very
large (M > 1 GeV), one can see that the nucleon arises as a topological soliton. We will see that in the case of the
Nc − 1 the mean-field solution reveals a remarkable feature when M increases.
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FIG. 3. Soliton mass as a function of the dynamical quark mass M for the Nc − 1 mean fields. The long-dashed line draws
the valence-quark contribution, whereas the short-dashed one depicts the sea-quark contribution. The solid line represents the
soliton mass.
Figure 3 illustrates the soliton mass for the Nc − 1 mean fields, i.e., for the singly heavy baryons, as a function of
M . Note that in this case the soliton is the bosonic one consisting of two valence quarks with Nc = 3, as already
mentioned previously. Since the number of the valence quarks are reduced by one, we expect that the Dirac-sea
polarization becomes weaker than the case of the three valence quarks. Indeed, the solitonic solution exists only when
the dynamical quark mass is larger than Mcr ≈ 400 MeV, as shown in Fig. 3. The general tendency of the valence-
and sea-quark energies is similar to the case of the Nc mean field. However, the sea-quark energy increases faster than
the rate that the valence-quark one falls off as M increases. As a result, the soliton mass rises monotonically very
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mildly. However, when the valence-quark level crosses the line at which the valence energy vanishes, the soliton mass
coincides exactly with the that of the Nc mean field. This can be understood by Eq. (16). The soliton mass comes
solely from the sea-quark energy. Moreover, in this case, the baryon number is acquired by the winding number as
we discussed previously. Thus, the present picture is reduced to the Skyrme model for the singly heavy baryons [18],
where the singly heavy baryons were constructed by putting together the topological soliton with the baryon number
B = 1 and a heavy meson. However, we emphasize again that singly heavy baryons arise from the Nc − 1 bosonic
soliton together with a heavy quark when the plausible value of M is used.
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FIG. 4. Soliton mass as a function of the dynamical quark mass M for the Nc − 2 mean fields. The long-dashed line draws
the valence-quark contribution, whereas the short-dashed one depicts the sea-quark contribution. The solid line represents the
soliton mass.
In Fig. 4 we draw the soliton mass for the Nc − 2 mean fields. In this case, the soliton is just a qualiton consisting
of a single light valence quark. Unfortunately, the solitonic solution does not exist with the dynamical quark mass
M = 420 MeV we adopt. The mean-field solution only appears when M is larger than M ≈ 600 MeV. Though Nc−2
is parametrically large, we have in practice only one valence quark. Thus, we are not able to study the doubly heavy
baryons within the present approach. A single valence quark is not enough to form a soliton with the proper value of
the dynamical quark mass.
In Table II, we list in the second column the results of the moments of inertia, sigma piN term, and the classical
soliton mass Msol for the Nc soliton. In the last column, the results of the same quantities are listed for the Nc − 1
soliton. Note that in the case of the Nc−1 mean fields, the valence parts of these quantities have Nc−1 factors instead
of Nc. What is interesting is that, naively thinking, valence part of the moments of inertia with Nc − 1 factors would
decrease in comparison with the results of those in the case of the Nc mean fields. However, the situation is more
complicated and dynamical. As shown in Table II, the results of the valence parts of the moments of inertia increase
in comparison with the case of the Nc mean fields, whereas those of the sea parts of them decrease by changing the
mean fields from Nc to Nc − 1. The total results of I1 and I2 with the Nc − 1 mean fields are rather similar to those
with Nc ones. On the other hand, the total results of the anomalous moments of inertia K1 and K2 with the Nc − 2
mean fields, which arise from the linear ms corrections, become larger than those with Nc mean fields. The ΣpiN and
Msol with Nc − 1 mean fields are smaller than those with Nc ones.
Since the ΣpiN is proportional to the matrix element 〈n|γ4|n〉 as shown in Eq. (A2), it is easy to understand that
the value of ΣpiN becomes smaller than that of ΣpiN . It is also natural that Msol with the Nc − 1 mean fields turn
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TABLE II. Results of the moments of inertia (I1, I2), the anomalous moments of inertia (K1, K2), the sigma piN terms, and
the soliton mass for the Nc and Nc − 1 mean fields. The dynamical quark mass M = 420 MeV is use. The second column lists
the results for the Nc mean field, whereas the fourth column shows those for the Nc − 1 mean field. Note that ΣpiN denotes
the modified sigma piN term. Its valence part is defined as Σ
val
piN = (Nc − 1)ΣvalpiN/Nc. Its sea part is the same as the original
sigma piN term.
Nc mean field Nc − 1 mean field
Ival1 [fm] 0.7923 I
val
1 [fm] 0.9591
Isea1 [fm] 0.3137 I
sea
1 [fm] 0.1438
I1 [fm] 1.1060 I1 [fm] 1.1029
Ival2 [fm] 0.3737 I
val
2 [fm] 0.4542
Isea2 [fm] 0.1551 I
sea
2 [fm] 0.0657
I2 [fm] 0.5288 I2 [fm] 0.5199
Kval1 [fm] 0.4260 K
val
1 [fm] 0.6903
Ksea1 [fm] 0.0009 K
sea
1 [fm] 0.0001
K1 [fm] 0.4269 K1 [fm] 0.6904
Kval2 [fm] 0.2741 K
val
2 [fm] 0.3665
Ksea2 [fm] -0.0019 K
sea
2 [fm] -0.0005
K2 [fm] 0.2722 K2 [fm] 0.3660
ΣvalpiN [MeV] 11.07 Σ
val
piN [MeV] 8.73
ΣseapiN [MeV] 32.92 Σ
sea
piN [MeV] 14.49
ΣpiN [MeV] 43.99 ΣpiN [MeV] 23.22
Mvalsol [MeV] 595 M
val
sol [MeV] 658
M seasol [MeV] 697 M
sea
sol [MeV] 382
Msol [MeV] 1292 Msol [MeV] 1040
out smaller than that with the Nc mean fields (see Eq. (16)). However, when it comes to the moments of inertia, the
denominators En − Eval and En − Em with Nc − 1 mean fields in Eqs. (A7) and (A11) become smaller than those
with Nc mean fields, which brings about the increase of the values of the moments of inertia.
TABLE III. Results of the dynamical parameters for the flavor SU(3) symmetry breaking. The strange current quark mass
is taken to be ms = 180 MeV. The results are compared with the previous works [9, 10]. In Ref. [10] all the results were
computed without modifying the mean fields. In the last column, the values of δ3 and δ6 were listed, which were determined
by the experimental data.
[MeV] This work [10] [9] Experiment [17]
α -142.7 -337.8 -255.03±5.82 -
β -126.7 -80.6 -140.04±3.20 -
γ -28.10 -39.3 -101.08±2.33 -
δ3 -180.3 -207.3 -203.8±3.5 ∼ -182.9
δ6 -139.7 -119.5 -135.2±3.3 ∼ -122.4
In Table III, we list the numerical results of the dynamical parameters α, β, and γ in Eq. (25) in comparison with
the previous works. Those of δ3 and δ3 in Eq. (33) are also presented. The results are compared with those of the
previous work [10], in which the Nc mean fields were used without any modification, assuming that the mean fields
would not be much changed. However, as shown in Table III, the results of α, β, and γ turn out to be much different
from those of Ref. [10]. What is more interesting is that the results of δ3 and δ3 are much closer to those extracted from
the experimental data, compared even with those of Ref. [9], in which all the dynamical parameters were determined
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by the experimental data on the light baryons. Note that since Ref. [9] performed a “model-independent” analysis, it
is not possible to decompose the valence-quark and sea-quark parts. To compensate this, an additional scale factor
was introduced in Ref. [9]. Thus, the Nc − 1 mean fields derived in the present work provide not only a theoretically
consistent method but also a phenomenologically better description of the experimental data.
TABLE IV. Results of the masses of the ground-state charmed baryons in units of MeV in comparison with those of Refs. [9, 10].
The results listed in the fifth column [10]∗ are rederived without fitting the center masses to the experimental data. For details,
see the related text. The last column lists the experimental data.
RQJ′ Bc This work [10] [10]∗ [9] Experiment [17]
3
c
1/2 Λc 2278.4 2274.4 2225.4 2272.5±2.3 2286.5±0.1
3
c
1/2 Ξc 2458.6 2481.5 2432.7 2476.3±1.2 2469.4±0.3
6c1/2 Σc 2438.6 2455.7 2472.0 2445.3±2.5 2453.5±0.1
6c1/2 Ξ
′
c 2578.3 2575.2 2591.4 2580.5±1.6 2576.8±2.1
6c1/2 Ωc 2718.1 2694.6 2711.0 2715.7±4.5 2695.2±1.7
6c3/2 Σ
∗
c 2506.7 2523.9 2540.1 2513.4±2.3 2518.1±0.8
6c3/2 Ξ
∗
c 2646.4 2643.3 2659.6 2648.6±1.3 2645.9±0.4
6c3/2 Ω
∗
c 2786.2 2762.7 2779.1 2783.8±4.5 2765.9±2.0
In Table IV, we list the numerical results of the masses of the lowest-lying charmed baryons, comparing them with
those of Ref. [9, 10]. Note that in Ref. [10] the center masses were rather different from the experimental data. Thus,
the relevant parameters had to be fitted to the data. In the fifth column with [10]∗, we list the results that were
reevaluated without fitting the center masses. As can be observed by comparing the present results with those listed
in the fifth column, the Nc − 1 pion mean fields describe the experimental data far better than the Nc mean fields.
Even compared with those of the model-independent analysis [9], the present results are quantitatively comparable
with those of Ref. [9].
TABLE V. Results of the masses of the ground-state bottom baryons in units of MeV in comparison with those of Refs. [9, 10].
The results listed in the fifth column [10]∗ are rederived without fitting the center masses to the experimental data. For details,
see the related text. The last column lists the experimental data.
RQJ′ Bb This work [10] [10]∗ [9] Experiment [17]
3
b
1/2 Λb 5608.2 5602.7 5554.3 5599.3±2.4 5619.5±0.2
3
b
1/2 Ξb 5788.5 5809.9 5761.6 5803.1±1.2 5793.1±0.7
6b1/2 Σb 5800.3 5812.7 5832.7 5804.3±2.4 5813.4±1.3
6b1/2 Ξ
′
b 5940.1 5932.1 5952.2 5939.5±1.5 5935.0±0.05
6b1/2 Ωb 6079.8 6051.6 6071.7 6074.7±4.5 6048.0±1.9
6b3/2 Σ
∗
b 5820.6 5834.7 5853.0 5824.6±2.3 5833.6±1.3
6b3/2 Ξ
∗
b 5960.3 5954.2 5972.5 5959.8±1.2 5955.3±0.1
6b3/2 Ω
∗
b 6100.1 6073.6 6092.0 6095.0±4.4 -
In Table V, we present the numerical results of the masses of the lowest-lying bottom baryons. As in the case of
the charmed baryons, the results are in good agreement with the experimental data. The present model predicts the
Ω∗b mass to be 6100.1 MeV, which is slightly larger than that of Ref. [9]. Again, this work reproduces quantitatively
the data by far better than Ref. [10]∗.
In Ref. [15], the two of the newly found Ωc’s [13] were interpreted as the Ωc’s that belong to the baryon antide-
capentaplet. As shown previously, the baryon antitriplet and sextet naturally arise as the representations of the
rotational excitations with Y ′ = 2/3. The next allowed representation is the baryon antidecapentaplet (15) with
Y ′ = 2/3. The valence quark content of the baryon decapentaplet is Qqqqq¯, where Q and q denote the heavy and light
quarks respectively. q¯ stands for the anti-light quark. So, the members of the 15-plet are the pentaquark baryons
including one heavy quark. Coupling the soliton spins 0 and 1 to the heavy-quark spin 1/2, we find three different
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TABLE VI. Results of the masses of the charmed baryon antidecapentaplet in units of MeV in comparison with those of
Ref. [15]. The fourth column lists the results obtained by using the Nc pion mean fields [10].
RQJ′ BQ This work [10]∗ [15]
15
c
1/2(J = 0) Bc 2909 3209 -
15
c
1/2(J = 0) Σc 3072 3374 -
15
c
1/2(J = 0) Λc 3036 3290 -
15
c
1/2(J = 0) Ξc 3181 3413 -
15
c
1/2(J = 0) Ξ
3/2
c 3234 3539 -
15
c
1/2(J = 0) Ωc 3325 3536 -
15
c
1/2(J = 1) Bc 2682 2952 2685
15
c
1/2(J = 1) Σc 2819 3053 2808
15
c
1/2(J = 1) Λc 2826 3075 2806
15
c
1/2(J = 1) Ξc 2960 3177 2928
15
c
1/2(J = 1) Ξ
3/2
c 2949 3145 2931
15
c
1/2(J = 1) Ωc 3094 3279 3050
15
c
3/2(J = 1) Bc 2750 3020 2754
15
c
3/2(J = 1) Σc 2887 3121 2877
15
c
3/2(J = 1) Λc 2894 3143 2875
15
c
3/2(J = 1) Ξc 3028 3245 2997
15
c
3/2(J = 1) Ξ
3/2
c 3017 3213 3000
15
c
3/2(J = 1) Ωc 3162 3347 3119
spin representations in the baryon antidecapentaplet with 1/2 and (1/2, 3/2). As shown in Eqs. (39) and (40), the
values of MQ
B,151/2,J=0
are larger than those of MQ
B,151/2,J=1
and MQ
B,153/2,J=1
.
Table VI lists the numerical results of the masses of the charmed baryon antidecapentaplet. As mentioned previously,
the results of M c
B,151/2,J=0
are larger than the corresponding ones of MQ
B,151/2,J=1
and MQ
B,153/2,J=1
. Though there
are no experimental data on them, it is of great interest to consider the masses of Ωc’s, in particular, when the soliton
spin is J = 1. In Ref. [15], Ωc(3050) and Ωc(3119) were interpreted as possible pentaquark states that belong to the
15-plet. In the present work, we obtain MΩc,1/2 = 3094 MeV and MΩc,3/2 = 3162, which are somewhat larger than
those of Ref. [15]. In Table VII, we list the results of the masses of the bottom baryon antidecapentaplet. In general,
the present results are again larger than those predicted by Ref. [15].
IV. SUMMARY AND CONCLUSIONS
In the present work, we investigated how the pion mean fields underwent the changes within the framework of
the self-consistent chiral quark-soliton model, when the number of the light valence quarks is reduced from Nc to
Nc −NQ. Starting from the baryon correlation functions with Nc − 1 valence quarks, we derived the classical energy
of the classical soliton. Having minimized the energy, we found the equation of motion. Having solved it in a self-
consistent way, we obtained the numerical result of the profile function for the classical soliton solution or the pion
mean fields. Compared with the profile function for the Nc pion mean fields, that for the Nc − 1 mean fields shrinks
to the core of the soliton. We also found that the solution for the Nc − 2 mean fields did not exist with the proper
value of the dynamical quark mass. It implies that the present scheme is not suitable for the description of the
doubly heavy baryons. The soliton mass was also investigated as a function of the dynamical quark mass M . The
solution exists when M is approximately larger than 400 MeV. As M increases, the valence-quark contribution falls
off slowly whereas the sea-quark contribution increases also mildly. However, when M reaches around 1390 MeV,
where the valence-quark part vanishes, the sea-quark contribution coincides exactly with that of the soliton mass with
the Nc valence quarks. It indicates that when the valence energy crosses the line at which it becomes zero the baryon
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TABLE VII. Results of the masses of the charmed baryon antidecapentaplet in units of MeV in comparison with those of
Ref. [15]. The fourth column lists the results obtained by using the Nc pion mean fields [10].
RQJ′ BQ This work [10]∗ [15]
15
b
1/2(J = 0) Bb 6239 6511 -
15
b
1/2(J = 0) Σb 6402 6674 -
15
b
1/2(J = 0) Λb 6366 6638 -
15
b
1/2(J = 0) Ξb 6511 6782 -
15
b
1/2(J = 0) Ξ
3/2
b 6564 6836 -
15
b
1/2(J = 0) Ωb. 6655 6927 -
15
b
1/2(J = 1) Bb 6043 6261 6044
15
b
1/2(J = 1) Σb 6181 6399 6167
15
b
1/2(J = 1) Λb 6188 6406 6165
15
b
1/2(J = 1) Ξb 6322 6540 6287
15
b
1/2(J = 1) Ξ
3/2
b 6311 6529 6290
15
b
1/2(J = 1) Ωb. 6456 6674 6409
15
b
3/2(J = 1) Bb 6064 6281 6065
15
b
3/2(J = 1) Σb 6201 6419 6188
15
b
3/2(J = 1) Λb 6208 6426 6186
15
b
3/2(J = 1) Ξb 6342 6560 6308
15
b
3/2(J = 1) Ξ
3/2
b 6331 6549 6311
15
b
3/2(J = 1) Ωb. 6476 6694 6430
number is acquired by the winding number or the topological charge as in the case of the Skyrme model. We want
to emphasize that the soliton is made of the Nc − 1 valence quarks, i.e. a bosonic soliton with the proper value of
the dynamical quark mass, which is conceptually different from any topological chiral soliton models including the
Skyrme model.
The moments of inertia and anomalous moments of inertia become larger than those with the Nc mean fields. The
changes from the Nc to Nc − 1 valence quarks give rise to nontrivial effects on these dynamical quantities of the
classical soliton. The results of the masses of the charmed and bottom baryons show that the modification of the pion
mean fields reproduce the experimental data much better than the previous work if one does not fit the center masses
of the heavy baryons. The Ω∗b baryon is predicted to be MΩ∗b = 6100.1 MeV, which is slightly larger than that from
the model-independent analysis. We also computed the masses of the charmed and bottom baryon antidecapentaplet.
In general, the present work yield larger values of the masses in comparison with the previous works except for the
Bc baryons.
In conclusion, it is essential to consider the modification of the pion mean fields when the number of the valence
quarks is reduced from Nc to Nc − 1. The Nc − 1 mean fields provide a better understanding of the nature of the
singly heavy baryons and a more quantitative description of the masses of the charmed and bottom baryons than the
Nc pion mean fields. Though the numbers of the valence quarks Nc and Nc − 1 seem to be parametrically the same,
they yield different results in reality. The Nc − 1 pion mean-field solutions can be also used for the investigation of
various observables and form factors of the singly heavy baryons. The corresponding works are under way.
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Appendix A: Moments of inertia
In this Appendix, we present all relevant formulae for the modified piN sigma term, the moments of inertia I1,2,
K1,2, and N1,2. The modified piN sigma term is expressed as
ΣpiN = Σ
val
piN + Σ
sea
piN , (A1)
where the valence and sea parts are written respectively as
Σ
val
piN = m0(Nc − 1)〈val|γ4|val〉, ΣseapiN =
m0
2
Nc
∑
n
〈n|γ4|n〉sign(En)RΣ(En), (A2)
where γ4 denotes the Dirac γ matrix in Euclidean space
γ4 =
1 0
0 −1
 . (A3)
The function RΣ(En) stands for a regulator
RΣ(En) = 1√
pi
∫ ∞
0
du√
u
e−uφ(u/E2n), (A4)
where φ(u) [7] represents a cutoff function defined by
φ(u) = cθ(u− 1/Λ21) + (1− c)θ(u− 1/Λ22). (A5)
The free parameters Λ1, Λ2, and c are determined by reproducing the pion decay constant fpi = 93 MeV and the pion
mass mpi = 139 MeV in the mesonic sector. The corresponding numerical values are explicitly given as Λ1 = 381.15
MeV, Λ2 = 1428.00 MeV, and c = 0.7276.
The moment of inertia tensor Iab is given as follows:
Iab = I
val
ab + I
sea
ab , (A6)
where
Ivalab =
(Nc − 1)
2
∑
val,n6=val
〈n|λa|val〉〈val|λb|n〉
En − Eval ,
Iseaab =
Nc
4
∑
m,n
〈n|λa|m〉〈m|λb|n〉RI(En, Em), (A7)
with the different regulator RI(En, Em)
RI(En, Em) = 1
2
√
pi
∫ ∞
0
du√
u
φ(u)
[
e−uE
2
n − e−uE2m
u(E2m − E2n)
− Ene
−uE2n + Eme−uE
2
m
Em + En
]
. (A8)
λa in Eq. (A7) stand for the Gell-Mann matrices for flavor SU(3) group, satisfying the relations tr(λaλb) = 2δab and
[λa, λb] = 2ifabcλc, a = 1, · · · , 8. The moments of inertia I1 and I2 are defined by
Iab ≡

I1δab a, b = 1, 2, 3
I2δab a, b = 4, 5, 6, 7
0 a, b = 8
. (A9)
Similarly, the anomalous moments of inertia tensor is written as
Kab = K
val
ab +K
sea
ab , (A10)
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where
Kvalab =
(Nc − 1)
2
∑
val,n6=val
〈n|λa|val〉〈val|λbγ4|n〉
En − Eval ,
Kseaab =
Nc
8
∑
m,n
〈n|λa|m〉〈m|γ4λb|n〉 sign(En)− sign(Em)
En − Em . (A11)
The anomalous moments of inertia K1 and K2 are defined by
Kab ≡

K1δab a, b = 1, 2, 3
K2δab a, b = 4, 5, 6, 7
0 a, b = 8
. (A12)
Appendix B: Matrix elements of the SU(3) Wigner D functions
In Appendix B, we tabulate all relevant matrix elements of the SU(3) Wigner D functions in each representation.
TABLE VIII. Matrix elements of the SU(3) Wigner D functions D
(8)
88 and D
(8)
8i Ji.
R T Y 〈RY TJ |D(8)88 |RY TJ〉 〈RY TJ |D(8)8i Ji|RY TJ〉
BQ
15 (J = 0)
1/2 5/3 1/4 0
ΣQ 1 2/3 0 0
ΛQ 0 2/3 1/4 0
ΞQ 1/2 −1/3 1/8 0
Ξ
3/2
Q 3/2 −1/3 −1/4 0
ΩQ 1 −4/3 0 0
BQ
15 (J = 1)
1/2 5/3 1/8 −1/4
ΣQ 1 2/3 1/12 −1/6
ΛQ 0 2/3 0 0
ΞQ 1/2 −1/3 −1/12 1/6
Ξ
3/2
Q 3/2 −1/3 1/24 −1/12
ΩQ 1 −4/3 −1/6 1/3
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